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The mode-coupling theory of the glass transition treats the dynamics of supercooled liquids in terms of two-
point density correlation functions. Here we consider a generalized, hierarchical formulation of schematic
mode-coupling equations in which the full basis of multipoint density correlations is taken into account. By
varying the parameters that control the effective contributions of higher-order correlations, we show that infinite
hierarchies can give rise to both sharp and avoided glass transitions. Moreover, small changes in the form
of the coefficients result in different scaling behaviors of the structural relaxation time, providing a means to
tune the fragility in glass-forming materials. This demonstrates that the infinite-order construct of generalized
mode-coupling theory constitutes a powerful and unifying framework for kinetic theories of the glass transition.
The glass transition of liquids and dense colloidal suspen-
sions represents one of the most puzzling phenomena in all
of condensed matter science. Among the various theories
of glass formation proposed in the last few decades, mode-
coupling theory (MCT) has acquired a unique place in this
area of research. In particular, MCT can reproduce impor-
tant features of the time-dependent dynamics and relaxation
of supercooled liquids using only static information as input,
making it essentially the only theory of glassy dynamics based
entirely on first principles [1, 2].
The main quantity of interest in MCT is the two-point
density correlation function F (k, t) = N−1〈ρ−k(0)ρk(t)〉,
where k is a wavevector with magnitude k, ρk(t) is the k-th
Fourier component of the spatial density fluctuations at time t,
N is the number of particles, and the brackets denote a canon-
ical ensemble average. The equation of motion for F (k, t)
contains a memory function that, within the standard MCT
framework, is assumed to be dominated by pair-densities.
This allows one to factorize the memory kernel, which is es-
sentially a four-point density correlator, into a product of two
two-point correlators. Applying additional Gaussian and con-
volution approximations for the static multi-point correlation
functions subsequently yields a closed, self-consistent expres-
sion for the time evolution of F (k, t).
One of the successes of standard MCT is its ability to cap-
ture the “cage effect” responsible for an intermediate-time
plateau in correlation functions and the dramatic slow-down
of dynamics upon decreasing the temperature or increasing
the density. The scaling properties of F (k, t) associated with
this β-relaxation process are also accurately reproduced. The
power-law divergence of the α-relaxation time (τ ) predicted
by MCT is consistent with experiments and computer simu-
lations, but only in the mildly supercooled regime. A major
drawback of the theory is that it predicts an ideal glass transi-
tion at relatively high temperatures or low densities. Further-
more, standard MCT cannot account for exponential (Arrhe-
nius) or super-Arrhenius dependences of τ in the deeply su-
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percooled regime, and thus cannot describe distinct “strong”
and “fragile” glass-forming behaviors, respectively [3].
In an effort to account for activated processes that round off
the ideal MCT transition, Das and Mazenko [4] and Go¨tze and
Sjo¨gren [5] extended standard MCT by considering additional
perturbative couplings to current modes. Although this ap-
proach can improve the predicted behavior of standard MCT
in the case of strongly supercooled liquids, it does not apply
to (hard-sphere) systems undergoing Brownian motion, where
current modes play no substantial role. Indeed, several recent
theoretical and computational studies have disputed the im-
portance of density-current mode coupling close to the glass
transition on general grounds [6–8].
An alternative improvement to standard MCT, referred to as
generalized MCT (GMCT), was first introduced by Szamel in
2003 [9]. GMCT relies on the fact that the exact time evolu-
tion of four-point density correlations is governed by six-point
correlation functions, which in turn are controlled by eight-
point correlations, and so on. This makes it possible to delay
the factorization approximation for the memory kernel to a
later stage. Numerical studies employing second- and third-
order truncations have shown that GMCT indeed systemati-
cally improves the predicted MCT transition temperature (or
volume fraction), implying that higher-order correlations ac-
count for at least some features ignored by standard MCT in
the deeply supercooled regime [9, 10].
More recently, two of us extended the GMCT approach to
infinite order using a simplified schematic model based on the
form of the microscopic equations of motion, allowing the fac-
torization closure to be rigorously avoided [11]. The general
form of this infinite hierarchy reads (see Appendix A)
φ˙n(t) + µnφn(t) + λn
∫ t
0
φn+1(τ)φ˙n(t− τ)dτ = 0, (1)
where the functions φn(t) represent normalized 2n-point den-
sity correlators (n ∈ N), µn are generalized bare frequencies,
and the λn = λn(Λ) parameters play the role of generalized
inverse-temperature-like coupling constants. Here Λ can be
thought of as the control parameter of the transition, e.g. in-
verse temperature or volume fraction. In arriving at the form
of Eq. (1), we have employed Gaussian and convolution ap-
proximations for the static correlations, included only diag-
onal contributions to the memory functions, and treated all
2wavevectors on an equal footing. These approximations are
all similar to those employed in standard MCT. We emphasize
that Eq. (1) is based on a fully microscopic theory, as detailed
in Appendix A. In Ref. [11] we considered a simple hierarchy
with µn = n and λn = Λ, a constant, and found that it admits
an analytic solution which is characterized by a continuously
growing, exponentially diverging relaxation time. This result
is to be contrasted with finite-order GMCT, which always pre-
dicts a power-law divergence at a sharp MCT transition. The
inclusion of all multipoint dynamical correlations thus pro-
vides a means to strictly remove the sharp MCT transition and
convert power-law divergences of τ into exponentially vary-
ing forms.
In this article, we further elaborate on the infinite schematic
GMCT framework and show that, by considering more gen-
eral forms for the µn and λn(Λ) parameters of the hierar-
chy, GMCT can account for a vast wealth of relaxation pat-
terns in supercooled liquids. More explicitly, we demonstrate
that infinite GMCT hierarchies can reproduce the many fea-
tures of the standard-MCT-based F2 model–which is charac-
terized by a sharp MCT transition and power-law relaxation
[12, 13]–but can also reveal novel relaxation patterns beyond
those predicted by standard MCT. We also discuss how both
strong and fragile relaxation motifs can emerge within infi-
nite GMCT hierarchies devoid of sharp transitions by tuning
the n-dependence of the λn-parameters. This constitutes the
first kinetic-theory-motivated framework that can account for
different fragilities in glass-forming materials.
Let us first consider some general features of Eq. (1) and
its solutions {φn(t)}. An important quantity in our present
discussion is the α-relaxation time for the n-th level density
correlator, which we define as
τn =
∫ ∞
0
φn(t)dt = φˆn(s = 0). (2)
Here φˆn(s) is the Laplace transform of φn(t), defined by
φˆn(s) = L{φn(t)} =
∫∞
0
φn(t)e
−stdt. By iterating the
Laplace-transformed solution of Eq. (1) for s = 0, we obtain
(see Appendix A)
τn ≃ 1
µn
∞∑
m=0
m−1∏
i=0
λn+i
µn+1+i
. (3)
Instead of considering the α-relaxation time, one may also
characterize the glass transition in terms of the long-time
limit of φn(t). We define this long-time limit as qn =
limt→∞ φn(t) = lims→0 sφˆn(s), which can be written ex-
plicitly as (see Appendix A)
1
qn
= 1 +
µn
λn
1
qn+1
≃
∞∑
m=0
m−1∏
i=0
µn+i
λn+i
. (4)
Equations (3) and (4) are our general expressions for the re-
laxation time and long-time limit of φn(t), respectively, as
governed by the infinite hierarchy of Eq. (1).
The convergence behavior of the general expressions (3)
and (4) can already reveal important information on the type
of transition contained in the hierarchy. For an MCT-like tran-
sition, there exists a critical point Λ = Λc above which the
φn(t) no longer decay to zero. This nonzero long-time limit
qn may grow continuously (type-A transition) or discontinu-
ously (type-B transition) as a function of the control parameter
Λ. If the transition is completely avoided, the relaxation time
grows continuously but ultimately leads to full relaxation of
the correlation functions (qn = 0) for all finite Λ. One may
verify that the series for τn converges if limn→∞ λn/µn+1 <
1, and 1/qn converges if limn→∞ µn/λn < 1. A type-A tran-
sition is characterized by a diverging series for both τn and
1/qn at Λ = Λc, while a type-B transition has a diverging
τn series and converging 1/qn series. Conversely, for a rig-
orously avoided transition, τn converges and 1/qn diverges
for all Λ. Thus, depending on the asymptotic behavior of the
{µn, λn} coefficients, the GMCT framework can account for
all of these physically distinct phenomena. This is one of the
key results of this work: by making a suitable choice for µn
and λn, we can generate arbitrary types of transitions and, by
virtue of Eqs. (3) and (4), arbitrary scaling behaviors of the re-
laxation time and long-time limit. The chosen set of {µn, λn}
coefficients subsequently determines the full hierarchy and all
its time-dependent solutions {φn(t)}.
In the remainder of this paper, we shall focus on some
explicit examples of the general hierarchy (1) and restrict
our discussion to the two-point density correlator φ1(t), i.e.
n = 1. All other correlation functions (n > 1) appear only as
generalized memory functions for φ1(t). We first consider
a class of hierarchies that exhibit MCT-like, type-B transi-
tions but are fundamentally distinct from the standard-MCT
F2 model. Note that the F2 model is essentially the lowest-
order truncation of GMCT with closure φ2(t) = φ21(t) and
λ1 = 4µ1Λ [12]. We start with a relatively simple infinite
hierarchy of the form µn = n and λn = Λ(n + c), where
c ≥ 0. The choice µn = n follows naturally from the micro-
scopic derivation of Eq. (1), provided that no explicit distinc-
tion is made between different wavevectors [11]. The func-
tional form λn = Λ(n+ c) implies that the coupling parame-
ters λn also grow linearly with n, and will remain on the same
order of magnitude as the frequencies µn for all levels n. We
obtain for the relaxation time τ1 [see Eq. (3)]
τ1 =
∞∑
m=0
(
m∏
i=1
i+ c
i+ 1
)
Λm =
1
cΛ
[
1
(1− Λ)c − 1
]
, (5)
which diverges, to leading order, as τ1 ∼ (1 − Λ)−c near the
critical point Λc = 1. Thus, our infinite hierarchy with param-
eters {µn = n, λn = Λ(n + c)} predicts a power-law diver-
gence of the α-relaxation time, similar to the type-B transition
in standard MCT. In fact, setting c equal to the standard-MCT
α-exponent γ ≈ 1.765 [12] yields exactly the same power-
law behavior, implying that certain features of the schematic
F2 MCT model can be accurately reproduced by a very simple
infinite GMCT hierarchy.
Let us now consider the long-time limit of the density-
density correlation function φ1(t) within this class of hierar-
3chies. From Eq. (4), we find
1
q1
=
∞∑
m=0
(
m∏
i=1
i
i+ c
)(
1
Λ
)m
. (6)
Explicitly, for a hierarchy with c = 0, the inverse plateau
height scales with Λ as 1/qn = Λ/(Λ − 1) for all n,
the case c = 1 gives rise to logarithmic scaling, 1/q1 =
Λ log[Λ/(Λ − 1)], and for c = γ we have, for Λ & 1,
1/q1 =
γ
γ−1
(
1 + pi(γ−1)sin(piγ) (Λ − 1)γ−1 +O(Λ− 1)
)
(see Ap-
pendix B). In all cases, q1 > 0 for Λ > 1, confirming
that these GMCT hierarchies induce something akin to type-
B transitions at the critical point Λc = 1 [1]. The ex-
pressions for q1 should, however, be contrasted with the F2
model [12], which predicts a square-root scaling of the form
qF21 = (1 +
√
1− 1/Λ)/2. Thus, standard-MCT-like hierar-
chies with {µn = n, λn = Λ(n + c)} reveal entirely novel
scaling behavior of the plateau height near the transition.
One may also ask whether it is possible to find an infinite hi-
erarchy that exhibits precisely the same Λ-dependence as the
F2 model, both with respect to q1 and τ1. A comparison be-
tween the Taylor series of 1/qF21 [Eq. (B9)] and Eq. (4) reveals
that such an exact mapping requires
λn
µn
=
2n+ 2
2n− 1Λ. (7)
By now fitting the µn parameters such that they also reproduce
the power-law relaxation time of the F2 model (see Appendix
B), we obtain
µn =
n−1∏
i=1
(2i+ 2)(i + b)
(2i− 1)(i+ a) , (8)
with a ≈ 0.52726 and b ≈ −0.23772 determined numerically
from the fit. Thus, an infinite GMCT hierarchy with coeffi-
cients (7) and (8) represents a numerically motivated approx-
imation to the F2 model.
Figure 1 compares the functions φ1(t) obtained from the
various MCT-like hierarchies discussed above, and from the
exact F2 model [12], for different values of Λ. The GMCT hi-
erarchies were truncated after N = 10000 levels by exponen-
tial closure [φN (t) = exp(−Nt)], which is amply sufficient
to ensure convergence of the numerical solutions. All data
were obtained using the time-integration algorithm of Fuchs
et al. [14]. For all values of Λ considered, the hierarchy with
{µn = n, λn = Λ(n+ γ)} exhibits clear deviations from the
F2 model, yet exhibits exactly the same τ1 power-law scaling.
The numerically fitted GMCT hierarchy [Eqs. (7) and (8)], on
the other hand, show almost perfect agreement with the exact
F2 result, reproducing the complete time dependence of φ1(t)
over all 6 decades of time. This is a remarkable and highly
non-trivial result: by fitting only the {λn, µn} parameters to
a certain plateau height and relaxation time, we capture all
qualitative and quantitative features of a finite-order schematic
MCT model, both as a function of time and of Λ. We empha-
size that no information of the short dynamics was included in
the fit, and yet this time domain is also accurately described.
We thus argue that GMCT is indeed more general in the sense
that it can successfully reproduce the predictions of standard
MCT, but can also predict entirely novel transitions and relax-
ation patterns beyond those contained in the standard MCT
scenario.
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FIG. 1. Density-density correlation functions φ1(t) for the F2
model (solid lines), the fitted GMCT hierarchy with coefficients (7)
and (8) (circles), and the GMCT hierarchy with {µn = n, λn =
Λ(n+ γ)} (dashed lines), calculated for Λ = 0.4, 0.9, 1 and 1.2.
We now turn our attention to a different family of infinite
GMCT hierarchies that are devoid of sharp MCT-like transi-
tions. We will focus on hierarchical equations of the form
µn = n and λn = Λn1−ν , with Λ, ν > 0. Note that the in-
finite hierarchy with µn = n and λn = Λ, which has already
been discussed in Ref. [11], is a special case of this type of
hierarchy. For this choice of parameters, the relaxation time
becomes, after some manipulation (see Appendix C)
τ1(Λ) ∼ (2pi)
(1−ν)/2
ν1/2
Λ−
ν+1
2ν exp(νΛ1/ν), (9)
where we have assumed that Λ ≫ 1. This assumption holds
in the deeply supercooled regime, i.e. at asymptotically low
temperatures. It is important to remark that, in contrast to the
standard MCT prediction, the relaxation time of Eq. (9) does
not diverge at any finite Λ. This implies that there is no sharp
MCT transition at any finite Λ for an infinite GMCT hierarchy
of the form λn = Λn1−ν . Instead the relaxation time grows
continuously with Λ, as was already found in Ref. [11] for
the special case ν = 1. It may be verified that the long-time
limit of φ1(t) for this class of hierarchies also vanishes for all
Λ, ν > 0, confirming that the transition is rigorously avoided.
Let us look at some explicit examples of these avoided
GMCT transitions. For ν = 1 (λn = Λ), we recover
the hierarchy of Ref. [11], with τ1(Λ) ∼ exp(Λ)/Λ. The
case ν = 2 (λn = Λ/n) yields (see Appendix C) τ1 =
I1(2
√
Λ)/
√
Λ, where Il is the modified Bessel function of
the first kind. For large Λ, the relaxation time then behaves as
τ1 ∼ (4pi)−1/2Λ3/4 exp(2
√
Λ), in accordance with Eq. (9).
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FIG. 2. Solutions φ1(t) of infinite hierarchies with µn = n and
λn = Λn
1−ν for (a) ν = 2 and Λ = 0, 1, . . . 10, (b) ν = 1 and
Λ = 0, 1, . . . 10, (c) ν = 1/2 and Λ = 0, 1, . . . 5. The fastest decay-
ing functions correspond to Λ = 0. Panel (d) shows the associated
relaxation times τ1(Λ): the solid lines were obtained by numerical
integration of φ1(t) over time [Eq. (2)], and the circles represent the
analytical result of Eq. (9).
The density correlation functions φ1(t) for these two hierar-
chies, as well as those for ν = 1/2, are shown in Fig. 2 for var-
ious values of Λ. The data have been obtained from numerical
integration of the hierarchical equations using the algorithm of
Ref. [14] with exponential closure at N = 1000. One can see
that, for fixed Λ, the correlation functions decay more rapidly
as ν increases, as predicted by Eq. (9). This is the analog of
the system become more fragile with increasing ν. The differ-
ence in fragility between hierarchies with different ν is best
observed by examining the relaxation times τ1 as a function
of Λ [Fig. 2(d)]. These data were generated by numerically
integrating the φ1(t) over time [Eq. (2)]. It is clear that hier-
archies with small ν give the most fragile behavior, i.e. the re-
laxation time increases more dramatically with varying Λ as ν
approaches zero. For comparison, we also show the analytical
expression for τ1 [Eq. (9)] in Fig. 2(d); the agreement with the
numerical data is seen to be very good for Λ > 1. As a final
point, we note that other features of φ1(t) are also affected by
ν, e.g. the plateau height of φ1(t) in the β-relaxation regime.
In fact it has been noted that strong glass formers generally
have larger plateau values compared to fragile ones [15]. The
precise characterization of these features will be discussed in
future work.
In the deeply supercooled regime, the true relaxation time
diverges as an Arrhenius (exponential) or super-Arrhenius
law, depending on the fragility of the system [3]. It is well es-
tablished that standard MCT cannot account for such fragili-
ties, and instead always predicts a power-law divergence of
τ1. We find, however, that GMCT hierarchies of the form
{µn = n, λn = Λn1−ν} (Λ, ν > 0) can account for different
degrees of fragility depending on the value of ν. This is an im-
portant result: the n-dependence of the coupling strengths λn
in infinite-order GMCT provides a means to tune the fragility
of a glass-forming system. While this finding is based on only
a schematic description of the dynamics, one may expect it to
be preserved in a fully microscopic version of GMCT, similar
to how the qualitative features of the schematic F2 model are
reproduced in k-dependent standard MCT.
Finally, we briefly elaborate on the physical interpretation
of the various GMCT hierarchies discussed in this work. First
recall that the ratio limn→∞ λn/µn+1 determines whether the
transition is sharp or avoided. For an avoided transition, the
contributions of the higher-order memory kernels ultimately
vanish at sufficiently large n, i.e. the couplings λn will be-
come negligible compared to the bare frequencies µn. Con-
versely, for sharp transitions, the λn always remain on the
same order of magnitude as the frequencies µn for all n.
Thus, sharp MCT-like transitions contain significant contribu-
tions from all terms up to n → ∞; damping of the large-
n couplings will more strongly round off the MCT transi-
tion. For the class of avoided transitions studied here, with
λn = Λn
1−ν
, we see that the λn parameters decay more
slowly with n as ν decreases. This corresponds to a higher
degree of fragility, and hence fragile systems are governed by
relatively large contributions from higher-order dynamic cor-
relations. In the limiting case ν = 0 we recover the linear
hierarchy with c = 0, and the avoided transition turns into a
sharp transition with (fragile) power-law relaxation. This is
reminiscent of the MCT transition in the F2 model, which is
generally believed to reflect a mean-field-like scenario. Thus,
the ‘fragility’ parameter ν might possibly be regarded as a
measure for the mean-field (or MCT-like) character of the
transition: the smaller the value of ν, the more MCT-like the
nature of system. An alternative interpretation of ν follows
from the notion that fragility is linked to microscopic struc-
ture, with more fragile systems exhibiting larger variations
in short-ranged order than strong glass formers (see e.g. Ref.
[16]). A stronger increasing dependence in λn (i.e. smaller
ν) provides a means to increase the coupling between these
structural motifs and the dynamics. For strong systems, it
is expected that such intricate structural effects play a much
smaller role in the relaxation dynamics. This could be cap-
tured in the GMCT hierarchy by rendering the coupling terms
λn less important as the level n increases, i.e. by increasing
ν.
In summary, we have presented a schematic generalized
mode-coupling theory in which dynamic multipoint density
correlations are included through an infinite hierarchy of cou-
pled equations. Such a hierarchical framework can accurately
capture the many features of the standard-MCT F2 model, but
can also give rise to generalized new forms of glass transi-
tions, implying that there may be a purely dynamic origin
for distinct glassy relaxation patterns. Moreover, a suitable
choice of the coupling strengths of the higher-order correla-
tions can lead to Arrhenius and super-Arrhenius behavior of
the α-relaxation time, providing a means to tune the degree
of fragility with a single parameter. This represents the first
MCT-based theory that can account for different fragilities in
glass-forming materials.
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Appendix A: Microscopic and schematic GMCT equations
In this Appendix, we provide information on the micro-
scopic (k-dependent) foundation of our GMCT framework,
and on the mathematical details of some of the schematic (k-
independent) GMCT results discussed in the main text.
Our schematic GMCT equations are based on a fully micro-
scopic theory that accounts for the dynamics of the diagonal
k-dependent 2n-point density correlation functions φn(t),
φ
(k)
1 (t) =
〈ρ−kρk(t)〉
〈ρ−kρk〉 ,
φ
(k1,k2)
2 (t) =
〈ρ−k1ρ−k2ρk1(t)ρk2(t)〉
〈ρ−k1ρ−k2ρk1ρk2〉
,
φ
(k1,k2,k3)
3 (t) =
〈ρ−k1ρ−k2ρ−k3ρk1(t)ρk2(t)ρk3(t)〉
〈ρ−k1ρ−k2ρ−k3ρk1ρk2ρk3〉
,
. . . (A1)
Each of these correlation functions is governed by an integro-
differential equation with a memory kernel containing 2(n +
1)-point correlators. Assuming Gaussian factorization for the
static correlations, we obtain for these memory kernels at level
n,
K1(k, t) =
ρkBT
16mpi3
∫
dq|Vq,k−q|2S(q)S(|k − q|)×
φ
(q,k−q)
2 (t),
K2(k1, k2, t) =
ρkBT
16mpi3
2∑
i=1
µki
µk1 + µk2
×
∫
dq|Vq,ki−q|2S(q)S(|ki − q|)×
φ
(q,k1−qδi1,k2−qδi2)
3 (t),
K3(k1, k2, k3, t) =
ρkBT
16mpi3
3∑
i=1
µki
µk1 + µk2 + µk3
×
∫
dq|Vq,ki−q|2S(q)S(|ki − q|)×
φ
(q,k1−qδi1,k2−qδi2,k3−qδi3)
4 (t),
. . . (A2)
where for simplicity, and following Refs. [9, 10], we have re-
tained only the diagonal dynamic contributions to the integral.
In Eq. (A2), ρ denotes the total density, kB is the Boltzmann
constant, T is the temperature,m is the particle mass, Vq,k−q
are static vertices, S(q) is the static structure factor, µki =
kBTk
2
i
mS(ki)
is the bare frequency, and δij represents the Kronecker
delta function. A detailed derivation of Eq. (A2), as well as its
application to a realistic microscopic system, will be provided
in a forthcoming publication. Following Ref. [11], we now
drop the wavevector indices and treat all wavevectors on an
equal footing. That is, φ(k)1 (t) 7→ φ1(t), φ(k1,k2)2 (t) 7→ φ2(t),
. . . , and µk1 + . . .+µkn 7→ µn. Note that µn ∝ n follows nat-
urally if no distinction is made between different k-values. We
also replace ρkBT16mpi3
∑n
i=1
∫
dq|Vq,ki−q|2S(q)S(ki − q) by a
level-dependent constant nλn, which represents the effective
weight of the memory kernel at level n. This brings the mem-
ory functions into the form Kn(t) 7→ λnφn+1(t). Finally, we
assume that the density correlation functions decay so slowly
that the overdamped limit can be applied [φ¨n(t) = 0]. Under
these assumptions, we arrive at the generic schematic hierar-
chy of Eq. (1). These schematic GMCT equations are micro-
scopically motivated, but lack any explicit k-dependence. It is
evident that Eq. (1) represents an infinite hierarchy of coupled
equations, i.e., the time evolution of any φn(t) is governed by
φn+1(t), which in turn is governed by φn+2(t), etc. Equation
(1) is subject to the initial conditions φn(0) = 1 for all n,
which follows directly from the definitions of Eq. (A1).
The general solution of Eq. (1) may be written in terms of
the Laplace transform as
φˆn(s) =
(
s+
µn
1 + λnφˆn+1(s)
)−1
. (A3)
In order to find a general expression for the relaxation time
[Eq. (2)], we can iterate Eq. (A3) k times for s = 0 to yield
τn ≃ 1
µn
k∑
m=0
m−1∏
i=0
λn+i
µn+1+i
.+
(
k∏
i=0
λn+i
µn+i
)
τn+k+1. (A4)
This equation may be further simplified by a suitable choice of
µn and λn such that the second term will vanish for k → ∞,
and we arrive at Eq. (3) of the main text. Similarly, for the
inverse plateau height we find by iteration
1
qn
=
k∑
m=0
m−1∏
i=0
µn+i
λn+i
+
(
k∏
i=0
µn+i
λn+i
)
1
qn+k+1
, (A5)
where again the second term vanishes in the limit of k → ∞
if µn and λn are chosen appropriately [Eq. (4)].
Appendix B: Infinite GMCT hierarchies with
standard-MCT-like behavior
Here we provide more mathematical details on the MCT-
like infinite hierarchies discussed in the main text. We start
with the hierarchy defined by
µn = n
λn = Λ(n+ c), (B1)
with c ≥ 0. As already mentioned in the main text, this type of
hierarchy exhibits an MCT-like transition at the critical point
6λc = 1. For Λ > 1, the long-time limit of the 2n-point density
correlator φn(t) satisfies
1
qn
=
∞∑
m=0
(
m∏
i=1
n+ i− 1
n+ i− 1 + c
)(
1
Λ
)m
= 2F1(1, n;n+ c; 1/Λ), (B2)
where pFq(a1, . . . , ap; b1, . . . , bq; z) =
∑∞
k=0
(a1)k...(ap)k
(b1)k...(bq)k
zk
k!
is the generalized hypergeometric function with (x)k the
Pochhammer symbol [17]. For c = 0, this expression sim-
plifies to
1
qn
=
∞∑
m=0
(
1
Λ
)m
=
(
1− 1
Λ
)−1
, (B3)
which is independent of n. The case c = 1 yields
1
qn
=
∞∑
m=0
(
m∏
i=1
n+ i− 1
n+ i
)(
1
Λ
)m
=
∞∑
m=0
n
n+m
(
1
Λ
)m
,
(B4)
which for n = 1 becomes
1
q1
=
∞∑
m=0
1
1 +m
(
1
Λ
)m
= Λ log
(
Λ
Λ− 1
)
. (B5)
Thus, for a hierarchy with c = 1, the plateau height of the
two-point density correlator φ1(t) grows logarithmically in
the glassy regime. Let us now consider the special case c = γ,
where γ ≈ 1.76498 is the standard-MCT exponent. As noted
in the main text, this particular hierarchy exhibits a power-law
divergence of the relaxation time with exponent γ, similar to
the predictions of the F2 model. The expression for the (in-
verse) plateau height can be found by employing the series
expansion of the hypergeometric function [Eq. (B2)], which
yields for n = 1 and Λ & 1
1
q1
= Γ(γ + 1)
{
(Λ − 1)γ−1 [Γ(1− γ) +O(Λ − 1)] +
Γ(γ − 1)
[Γ(γ)]2
+O(Λ − 1)
}
, (B6)
where Γ(x) is the gamma function. Given that 1 < γ < 2, we
can isolate the leading term by writing
1
q1
=
Γ(γ + 1)Γ(γ − 1)
[Γ(γ)]2
×[
1 +
Γ(1− γ)[Γ(γ)]2
Γ(γ − 1) (Λ − 1)
γ−1 +O(Λ − 1)
]
=
γ
γ − 1
[
1 +
pi(γ − 1)
sin(piγ)
(Λ− 1)γ−1 +O(Λ − 1)
]
.
(B7)
Inverting this equation yields
q1 =
γ − 1
γ
[
1− pi(γ − 1)
sin(piγ)
(Λ− 1)γ−1 +O(Λ − 1)
]
=
γ − 1
γ
[
1 +
pi(γ − 1)
sin[pi(γ − 1)] (Λ− 1)
γ−1 +O(Λ − 1)
]
.
(B8)
Thus, for this type of hierarchy, the plateau height increases
to leading order as (Λ − 1)γ−1 ≈ (Λ− 1)0.765.
It is well established that the F2 model predicts a long-time
limit of φ1(t) that behaves as qF21 = (1 +
√
1− 1/Λ)/2 [12].
The Taylor series of 1/qF21 is given by
1
qF21
= 1 +
∞∑
m=1
m∏
i=1
(
2i− 1
2i+ 2
)(
1
Λ
)m
, (B9)
which can be compared with the general 1/q1 expression for
an arbitrary infinite GMCT hierarchy [Eq. (4)]. One may read-
ily verify that an exact mapping between qF21 and q1 requires
for the GMCT coefficients
λn
µn
=
2n+ 2
2n− 1Λ. (B10)
A simple set of parameters satisfying this relation is µn = n
and λn = Λ 2n(n+1)2n−1 . The α-relaxation time associated with
this hierarchy is
τ1 =
∞∑
m=0
(
m∏
i=1
2i
2i− 1
)
Λm
=
√
Λarcsin
√
Λ +
√
1− Λ
(1− Λ)3/2 , (B11)
which diverges for Λ → 1 as τ1 ∼ (pi/2)(1 − Λ)−3/2. Note
this divergence is slightly different from that predicted by
standard MCT.
As a final example ofF2-like GMCT, we discuss the numer-
ically fitted infinite hierarchy. In this case, we seek to (numer-
ically) reproduce both the relaxation-time and plateau-height
scaling of the F2 model by a suitable choice of µn and λn.
Since Eq. (B10) must hold, we can write for the relaxation
time [see also Eq. (3)]
τ1 =
1
µ1
+
∞∑
m=1
1
µm+1
(
m∏
i=1
2i+ 2
2i− 1
)
Λm. (B12)
This series should be matched to the power law prediction of
the F2 scheme, which diverges for Λ→ 1 as
τF21 =
A
(1− Λ)γ
= A
[
1 +
∞∑
m=1
(
m∏
i=1
i+ γ − 1
i
)
Λm
]
≈ 1 +A
∞∑
m=1
(
m∏
i=1
i+ γ − 1
i
)
Λm, (B13)
The value of A ≈ 1.2573 has been obtained from a numerical
fit of the F2 data close to the transition (Λ . 1). Instead of
working with Eq. (B12) directly, we now take the ansatz
τ1 = 1 +
∞∑
m=1
(
m∏
i=1
i+ a
i+ b
)
Λm, (B14)
7and seek to match the a and b constants to Eq. (B13). In the
limit of m→∞, we have
m−1∏
i=1
i+ a
i+ b
∼ Γ(1 + b)
Γ(a+ 1)
ma−b
∼ A
m−1∏
i=1
i+ γ − 1
i
, (B15)
which can be rewritten as
Γ(1 + b)
Γ(a+ 1)
ma−b ∼ A 1
Γ(γ)
mγ−1. (B16)
Setting a = γ − 1 + b readily yields
A =
Γ(γ)Γ(b+ 1)
Γ(b+ γ)
, (B17)
implying that b ≈ −0.23772 and a ≈ 0.52726. This set of
constants thus enforces that Eq. (B14) behaves as the MCT
power law of Eq. (B13). A comparison between the ansatz
(B14) and Eq. (B12) now gives for the µn coefficients
1
µn+1
(
n∏
i=1
2i+ 2
2i− 1
)
=
n∏
i=1
i+ a
i+ b
, (B18)
or, more explicitly,
µn =
n−1∏
i=1
2i+ 2
2i− 1
i+ b
i+ a
. (B19)
The λn parameters subsequently follow from Eq. (B10), en-
suring that also the plateau height qF21 is correctly reproduced.
Appendix C: Infinite GMCT hierarchies with avoided
transitions
In this Appendix, we focus on the relaxation-time behavior
of infinite hierarchies of the form µn = n and λn = Λn1−ν ,
with Λ, ν > 0. This class of hierarchies lacks a sharp MCT-
like transition for any finite Λ. Starting with Eq. (3) of the
main article, we have
τ1 =
1
µn
∞∑
m=0
m−1∏
i=0
λn+i
µn+1+i
=
∞∑
m=1
1
λm
m∏
i=1
λi
µi
, (C1)
which can be rewritten as
τ1 =
∞∑
m=1
1
Λm1−ν
m∏
i=1
Λi1−ν
i
=
1
Λ
∞∑
m=1
1
[(m− 1)!]ν
Λm
m
=
1
Λ
∞∑
m=1
1
[(m− 1)!]ν
∫ Λ
0
xm−1dx
=
1
Λ
∫ Λ
0
dx
∞∑
m=0
xm
(m!)ν
. (C2)
Introducing the function
fν(x) =
∞∑
m=0
xm
(m!)ν
(C3)
now yields for the relaxation time
τ1 =
1
Λ
∫ Λ
0
fν(x)dx. (C4)
For the special case ν = 1 we thus find f1(x) =∑∞
m=0 x
m/(x!) = exp(x) and τ1 = [exp(Λ) − 1]/Λ, and
for ν = 2 we have f2(x) =
∑∞
m=0 x
m/(x!)2 = I0(2
√
x) and
τ1 = I1(2
√
Λ)/
√
Λ, where Il is the modified Bessel function
of the first kind of order l.
In order to find a closed expression for τ1 for arbitrary ν >
0, we must evaluate the scaling behavior of fν(x) as a function
of ν. This is a rather involved derivation; for simplicity we
will focus on the asymptotic behavior for x → ∞ (Λ → ∞).
We first approximate the sum in fν(x) by an integral,
fν(x) ∼
∫ ∞
0
dm
xm
Γ(m+ 1)ν
=
∫ ∞
0
dm exp
[
log
(
xm
Γ(m+ 1)ν
)]
, (C5)
and expand the logarithm up to second order around the point
m = a,
log
[
xm
Γ(m+ 1)ν
]
= log
(
xaΓ(a+ 1)−ν
)
+[
log(x) − νψ(0)(a+ 1)
]
(m− a)
−(ν/2)ψ(1)(a+ 1)(m− a)2 +O(m− a)3, (C6)
where ψ(i)(x) is the polygamma function of order i, i.e. the
(i + 1)-th derivative of the logarithm of the gamma function.
We will choose a = x1/v so that the linear term in Eq. (C6)
vanishes. Discarding the higher-order terms and extending the
range of m− a to ±∞ yields
fν(x) ∼ x
a
Γ(a+ 1)ν
∫ ∞
−∞
dm exp
[
−(ν/2)ψ(1)(a+ 1)m2
]
=
√
2pi
νψ(1)(a+ 1)
xa
Γ(a+ 1)ν
, (C7)
where we have performed Gaussian integration. For a → ∞
we have, to leading order, Γ(a+ 1) ≈ aa exp(−a)√2pia and
hence
fν(x) ∼ (2pia)
(1−ν)/2
ν1/2
exp(νa)xa
aνa
. (C8)
Substituting a = x1/ν finally yields
fν(x) ∼ (2pi)
(1−ν)/2
ν1/2
x(1−ν)/2ν exp(νx1/ν ). (C9)
One may verify that, for the special cases ν = 1 and ν = 2,
Eq. (C9) indeed describes the asymptotic behavior of f1(x)
and f2(x).
8Finally, we seek to obtain a closed expression for the relax-
ation time τ1 for general ν > 0. Substituting Eq. (C9) into Eq.
(C4) and setting y = νx1/ν gives
τ1 ∼ (2pi)(1−ν)/2ν−ν/2 1
Λ
∫ νΛ1/ν
0
dyy(ν−1)/2 exp(y),
(C10)
which, by changing variables y → νΛ1/ν−y, can be rewritten
as
τ1 ∼ (2pi)
(1−ν)/2
ν1/2
Λ−(ν+1)/2ν exp(νΛ1/ν)×
∫ νΛ1/ν
0
dy
(
1− y
νΛ1/ν
)(ν−1)/2
exp(−y). (C11)
Expanding the power-law factor in the integrand and extend-
ing the integration range to +∞ finally yields, to leading or-
der,
τ1 ∼ (2pi)
(1−ν)/2
ν1/2
Λ−(ν+1)/2ν exp(νΛ1/ν), (C12)
which is equivalent to Eq. (9) of the main article. Again it may
be verified that this equation, which holds asymptotically for
Λ≫ 1, is consistent with the expressions for ν = 1 and ν = 2
given earlier.
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